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Abstract

High resolution laser Doppler anemometer measurements were acquired in a two-dimensional turbulent boundary layer over a four
degree ramp at three momentum thickness Reynolds numbers: 3300, 14,100 and 20,600. The goal was to examine an adverse pressure gra-
dient boundary layer far from separation in order to develop turbulent stress scalings to collapse the adverse pressure gradient and flat plate
stress profiles over a range of Reynolds numbers. The flow develops as a flat plate boundary layer before being subjected to a varying pres-
sure gradient along the length of a four degree straight ramp. Mean velocity measurements show a log law region for all velocity profiles. The
stresses however are perturbed by the pressure gradient with the streamwise normal stress developing an extended outer layer plateau and
the wall-normal stress displaying a growing outer layer peak. Scaling parameters are proposed to collapse the inner and outer layer regions
of the normal stresses for both the adverse pressure gradient and flat plate profiles over the range of Reynolds numbers examined.
� 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Adverse pressure gradient boundary layers occur in many
practical applications, for example diffusers and the aft sec-
tion of ship hulls, and they often play critical roles in the per-
formance of these devices. The study of adverse pressure
gradients has been carried out in a wide variety of flows
and a discussion of some of the work in this area can be
found in Aubertine and Eaton (2005). While there has been
wide interest in these flows, little work has been performed to
determine scalings capable of collapsing the mean and tur-
bulent velocity profiles over varying conditions.

The scaling of the mean flow and the turbulent stresses has
been previously examined in a variety of different flows. For
the flat plate boundary layer, the effects of Reynolds number
were found by DeGraaff and Eaton (2000) to disappear using
a new mixed scaling determined empirically from a flat plate
data set taken over a moderate Reynolds number range. This
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scaling collapses the wall normal stress and the Reynolds
shear stress using the standard normalization of v02=u2

s and
u0v0=u2

s respectively, where us is the friction velocity defined
as

ffiffiffiffiffiffiffiffiffiffiffiffiffi
swall=q

p
. However, the streamwise normal stress collapse

was shown to occur using the mixed scaling u02=usUe, where
Ue is the local freestream velocity. This scaling cannot be
supported using classical arguments; however, recent work
by Marusic and Kunkel (2003) has helped to explain why this
scaling holds. To extend the Reynolds number range for
which this scaling has been tested, Metzger et al. (2001) re-
examined the results of Klewicki and Falco (1990), showing
that this new scaling also held for experiments run at Rey-
nolds numbers up to Reh = 5,000,000. Reh is the Reynolds
number based on momentum thickness, h.

Elsberry et al. (2000) examined an equilibrium boundary
layer near separation. The flow for this study was highly
anisotropic and while the mean flow was in equilibrium,
the turbulence was not found to be in equilibrium with
the mean flow. When the turbulent stresses were scaled
on the freestream velocity an increase in the scaled stress
values was observed as the flow traveled farther down-
stream. The mean velocity in the flow was found to be
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approximately self-similar and this was then used to deter-
mine similarity scales which lead to scalings to collapse the
various stresses. They determined a scaling to collapse the
correlation coefficient, u0v0ffiffiffiffiffiffiffiffi

u02v02
p Ue

Uo
. Here Uo is defined as

the maximum value of the freestream velocity found over
the entire flow field. To collapse the location of the peak
in the correlation coefficient, a new length scale was empir-
ically determined, y

hRe0:2
h

. The turbulent stresses were then

found to collapse using the same length scale and either
U 2

o for the streamwise and wall normal stresses, or UoUe

for the Reynolds shear stress. Since the similarity scales
for the mean flow and turbulence are not the same, the flow
is not in equilibrium and the scales used to collapse the tur-
bulent stresses are most likely not unique.

The mean velocity profile has been examined by a num-
ber of groups with the goal of collapsing the profiles in dif-
ferent regions of the boundary layer. The logarithmic law
of the wall has been observed to hold in a wide variety of
adverse pressure gradient boundary layers; however, the
growing wake associated with these boundary layers leads
to changing profile shapes, particularly in the outer layer. It
is these profile changes that a number of groups have
attempted to develop scalings to collapse. Bernard et al.
(2003) examined the flow over a half airfoil. The mean flow
in the inner region faithfully followed the logarithmic law
of the wall, while the wake strength changed as the flow
progressed. They determined a new length scale which
allowed them to collapse the linear inner wake onto a pro-
file that appears to tend toward a universal profile. Using
DNS for a strong adverse pressure gradient, Skote and
Henningson (2002) found that far from the wall the mean
velocity profiles could be collapsed using a pressure gradi-
ent velocity scale of up ¼ ðmq dP

dx Þ
1=3. A mean velocity defect

law proposed by Mellor and Gibson (1966) used a pressure

velocity of up ¼
ffiffiffiffiffiffiffiffiffi
d�

q
dP
dx

q
as the velocity scale for the outer

layer, where d* is the displacement thickness.

Reynolds number scaling in more complicated flows has
also been examined. In the separating and reattaching bound-
ary layer flow of Song and Eaton (2004), the scaling of the
turbulent stresses at the separation point, a location of strong
adverse pressure gradient with curvature was examined. The
length scale necessary to collapse the peaks for both the nor-
mal stresses and the shear stress was found to be y/yinflection,
where yinflection is the location of the inflection point in the
mean flow. For the streamwise normal stress the stress scaled
on the empirically determined U 2

inflection, where Uinflection is the
velocity of the mean flow at the inflection point. The wall nor-
mal stress was found to scale on the value of u2

s;ref , the value
of the friction velocity in the boundary layer prior to the start
of the adverse pressure gradient. These velocity scales are
much more complicated than those of the flat plate boundary
layer and could be dependent on the particular flow geome-
try; however, these scalings show that for a strong adverse
pressure gradient, the stresses do not scale on the same
parameters that are important for a flat plate boundary layer.
In more complex boundary layer flows such as those of
DeGraaff and Eaton (1999) and Song and Eaton (2004),
which were subjected to strong pressure gradients, separa-
tion, reattachment and curvature, the flat plate boundary
layer scaling of DeGraaff and Eaton (2000) was observed
to hold near the wall as soon as the pressure gradients were
removed. In these flows, as the boundary layer relaxed
back toward equilibrium on a flat plate a stress equilibrium
layer began to form in the flow adjacent to the wall as soon
as the pressure gradient dropped to zero. In this growing
stress equilibrium layer, the normalized stress profiles were
identical to those in a flat plate and the mixed scaling of
DeGraaff and Eaton (2000) held. From a computational
modeling perspective, this is an important result as wall
functions can be comfortably used in these flows. Unfortu-
nately, this scaling appears to only hold in zero pressure
gradient flows and as soon as the flow is subjected to even
a mild pressure gradient no scaling has been found to col-
lapse the turbulence stress data onto a simple profile, such
as that of the flat plate boundary layer. A similar near-wall
scaling valid in non-equilibrium pressure gradient flows
would be very useful.

The objective of the current experiment is to examine a
relatively mild adverse pressure gradient produced by a
slow linear expansion of the test section. The pressure gra-
dient was large enough to perturb the boundary layer from
its flat plate state, but small enough to avoid separation.
Stress measurements along the length of this extended
region of pressure gradient can help to identify the exis-
tence of a universal scaling for such boundary layers. This
paper describes the effect of changing the Reynolds number
on the flow development and proposes new scalings valid
for collapsing the adverse pressure gradient profiles, as well
as examining previously proposed scalings to collapse the
mean velocity and turbulence profiles for a moderate range
of Reynolds numbers.

2. Experiments

The experiments were performed in a closed loop wind
tunnel, which is mounted inside a pressure vessel. The mea-
surements were made with a two component, high-resolu-
tion laser Doppler anemometer (LDA) described by
DeGraaff and Eaton (2001). The wind tunnel test section
has a rectangular cross section and is 152 mm by 711 mm
by 2.9 m in length. The boundary layer is tripped
150 mm downstream of a 5:1 contraction and develops
over a 1.5 m long flat plate. The flow is then mildly con-
tracted over a streamwise distance of 169 mm on the bot-
tom wall, reducing the test section height from 152 mm
to 131 mm. The boundary layer then relaxes to equilibrium
characteristics on a 480 mm long flat plate. At a typical
freestream velocity of 15 m/s, the freestream turbulence
level is approximately 0.2%.

The flow geometry (Fig. 1) consists of part of the
480 mm flat plate and a 4� linear expansion. The ramp
expands the tunnel height from 131 mm to 152 mm. The



Fig. 1. Current flow geometry.
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ramp height, h is equal to the amount the tunnel height
expands, 21 mm. The flow does not separate along this
ramp. The trailing edge of the ramp produced a small step
in height between the ramp surface and the bottom surface
of the wind tunnel. This step was patched using spackling
and was sanded smooth. Due to this non-ideal flow surface
at the trailing edge of the ramp, the flow is perturbed by
surface curvature, which is not well defined. The data gath-
ered at this location are not included owing to this non-
ideal surface.

The custom LDA has a measurement volume 35 lm in
diameter and 60 lm in length. Normalized using inner
units, the measurement volume ranges in diameter from
1.8 to 9.8 over the range of Reynolds numbers examined
here. Due to its small measurement volume, two of the
major uncertainty sources – velocity gradient bias and
two-component coincidence are eliminated. The details,
including the LDA bias correction, are found in DeGraaff
and Eaton (2001). For 5000 samples, the uncertainties for
U, u0u0; v0v0; u0v0 are estimated as ±1.5%, ±4%, ±8% and
±10% of their local value in the center of the profiles.
The average data rate is approximately 25 Hz in the free-
stream and considerably lower near the wall for the one
atmosphere data, 5 Hz in the freestream for the four atmo-
sphere case and 1 Hz in the freestream for the eight atmo-
sphere case. Since the local values of the Reynolds stresses
approach zero in the freestream and near the wall, the rel-
ative uncertainties in those regions are larger.

The data reported here were acquired under the condi-
tions shown in Table 1. The data were all gathered along
the centerline of the wind tunnel in a fixed coordinate sys-
tem with the x direction along the tunnel and the y direc-
tion normal to the flat plate wall. The mean and
turbulent stress data taken over the ramp were then rotated
by four degrees to make them perpendicular to the wall for
the purpose of analysis and scaling. The values for y used
in all plots are in the rotated frame and can be taken as per-
Table 1
Experimental conditions for three Reynolds number cases

pamb (Pa) Ue,ref (m/s) Reh,ref

101,300 20.5 3300
481,000 20.4 14,100
770,000 16.8 20,600
pendicular to the bottom surface of the flow field at all
locations.

The x-axis locations, x 0, are the physical locations nor-
malized by the length of the four degree ramp. This non-
dimensionalization is used for all locations with the
location x 0 = 0.00 being located at the leading edge of the
ramp and x 0 = 1.00 representing the trailing edge of
the ramp. The upstream flat plate location is therefore
located at x 0 = �0.33 using this non-dimensionalization.
The reference location is a flat plate boundary layer, where
the measured mean and turbulence profiles exhibited typi-
cal flat plate behavior for the mean velocity and turbulence
(Aubertine and Eaton, 2005).

Wall static pressure data were measured through
0.64 mm diameter surface pressure taps using a Setra differ-
ential pressure transducer (model 264). From these wall
pressure distributions, the pressure gradient can be
calculated along the ramp. This value was then normalized
following the work of Clauser (1954), who defined a non-
dimensional pressure gradient parameter, b ¼ d�

s0

dP
dx. Here

the pressure gradient is normalized using the wall shear
stress, s0, and the displacement thickness, d*. This pressure
distribution gives a varying value of b, the Clauser pressure
gradient parameter, ranging from 0 on the flat plate, to �1
in the mild favorable pressure gradient before the start of
the ramp and to a maximum value of 2.5 along the ramp
for the lowest Reynolds number case. The value of b does
not remain constant along the length of the ramp, but at all
locations it is relatively small, indicating that this is a mild
adverse pressure gradient. The maximum value of b
observed in this flow is similar to the values from the mild
adverse pressure gradient equilibrium boundary layer of
Clauser, where the maximum values of b is about 2.3
(Coles and Hirst, 1969). Skåre and Krogstad (1994) found
values of b greater than 20 for a flow near separation.

Skin friction measurements were made using the oil-
fringe imaging method described by Monson et al. (1993)
for all locations except for the two upstream flat plate
regions (x 0 = �0.33 and 0.00) in which a log law fit was
applied instead. The oil flow is non-intrusive and relates
the wall shear to the thinning rate of a line of oil placed
on the surface. The oil, Dow Corning 200 fluid, is placed
on a surface consisting of 0.13 mm thick green acetate with
the back side painted flat black, at several locations and the
tunnel is started impulsively. Most of the oil flows down-
stream during a short transient. The remaining oil forms
a thin wedge which when illuminated using green mono-
chromatic light produces interference fringes with a uni-
form spacing near the leading edge of the oil film. These
fringes are imaged using a Kodak high resolution camera
(model DC290) when a fringe pattern is evident, typically
10 min. Five independent measurements at each location
were performed and the fringe spacing was averaged, with
a repeatability of ±2%.

The fringe spacing depends on the skin friction but also
on the time history of the flow, the properties of the oil, the
surface properties and the viewing angle. Because of these



C.D. Aubertine, J.K. Eaton / Int. J. Heat and Fluid Flow 27 (2006) 566–575 569
limitations it is very difficult to estimate the absolute value
of the skin friction and instead the ratio of the skin friction
at the location of interest to the reference location is used.
The time history, oil and surface properties are the same at
both locations. For the locations along the ramp, the view-
ing angle for the measurement and reference locations are
different and the relationship between the skin friction,
Cf, and fringe spacing, DSf, can be expressed as

Cf ;local

Cf;ref

¼ DSf ;localimage

DSf ;refimage

cos a sin
sin hlight;loc

noil

� �� �
cos hcamera;loc

cos a sin
sin hlight;ref

noil

� �� �
cos hcamera;ref

ð1Þ

where noil is the index of refraction of the oil and the angles
can be computed based on the 4� angle of the ramp. The
effects of the streamwise pressure gradient on the fringe
development can be neglected in this analysis due to the
weak pressure gradient over the length of the region in
which fringes are located. The overall effects of the stream-
wise pressure gradient are well captured by the changes
along the ramp as described by the previous equation.
3. Results

The overall flow development and a discussion of the
changes in the structure of the flow have been described
previously in Aubertine and Eaton (2005) for a Reynolds
number based on momentum thickness of 3300. The effects
due to the changing Reynolds number are described here.
In addition, turbulent stress scalings which collapse the
data over the range of Reynolds numbers examined here
are presented.

Fig. 2 shows the development of the mean flow along the
ramp at a momentum thickness based Reynolds number of
3300. The ramp shown in this figure is drawn to scale with
the vertical height expanded by a factor of two relative to
the horizontal axis to show the near-wall region of the flow
more clearly. A constant scale, y/h, is used for the vertical
axis to show changes in the location of the peak stress as
the flow develops. The flow at x 0 = �0.33 is that of a flat
plate boundary layer. At the start of the ramp, the flow
Fig. 2. Mean flow development along the ramp normalized using the fi
accelerates slightly due to the mild favorable pressure gra-
dient caused by the curvature. The boundary layer thickens
rapidly in the adverse pressure gradient; d99 increases by
approximately 75% along the length of the ramp. There
is no inflection point observed in the flow due to the weak
adverse pressure gradient. The redevelopment of the mean
flow shows that the wake starts to decay, but the flow has
not fully recovered to that of a flat plate by the final mea-
surement location.

The development of the streamwise and wall normal
stresses are shown in Figs. 3 and 4 respectively at a momen-
tum thickness based Reynolds number of 3300. A fixed
quantity measured at the reference location was used to
normalize the stresses in order to show the change in the
peak stress levels as the flow develops. The DeGraaff and
Eaton (2000) flat plate scalings, us,refUe,ref for the
streamwise normal direction and u2

s;ref for the wall normal
direction were used. The streamwise normal stress develop-
ment shows that as the flow is subjected to the adverse
pressure gradient, an outer plateau develops. This plateau
increases in intensity relative to the inner peak as the flow
progresses. The inner peak decreases as the skin friction
falls. The redevelopment region shows that the plateau
starts to decay and the inner peak starts to increase back
towards its typical flat plate value downstream of the
ramp, but the redevelopment is not complete by the
final measurement station. The wall normal stress develop-
ment shows the peak moving away from the wall and
growing in strength as the flow travels along the ramp. In
the redevelopment region, the peak starts to decay and
spread out.

Table 2 gives the values of some important flow param-
eters for all three Reynolds number cases along the ramp
and for the reference flat plate boundary layer, as well as
the symbols used in the following figures to represent the
various cases.

The development of the Clauser pressure gradient
parameter, b, is shown in Fig. 5 for all three Reynolds
numbers plotted against the normalized distance along
the test section. The peak value of the parameter b is
observed to increase slightly with increasing Reynolds
number, but the peak value is still low compared to the
xed quantity, Ue, measured at the reference location, Reh = 3300.



Fig. 3. Streamwise normal stress development along the ramp normalized using the DeGraaff and Eaton scaling, usUe, measured at the reference location,
Reh = 3300.

Fig. 4. Wall normal stress development along the ramp normalized using the fixed quantity, u2
s , measured at the reference location, Reh = 3300.

Table 2
Flow parameters for the three Reynolds numbers and the various
measurement locations

Reh x 0 Ue (m/s) d99 (mm) H Symbol

3300 �0.33 20.48 25.22 1.34 d

3300 0.25 19.87 29.18 1.39 –
3300 0.5 19.20 33.77 1.42 s

3300 0.75 18.71 37.53 1.48 –
14,100 �0.33 20.39 25.81 1.26 j

14,100 0.25 19.65 31.17 1.31 –
14,100 0.5 18.99 34.57 1.33 h

14,100 0.75 18.50 36.25 1.38 –
20,600 �0.33 16.68 31.57 1.24 �

20,600 0.25 15.64 35.45 1.29 –
20,600 0.5 15.60 38.87 1.30 �

20,600 0.75 14.90 39.82 1.38 – Fig. 5. b development for all three Reynolds numbers, uncertainty as
shown.
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values of b observed in flows near separation. The effect of
Reynolds number variation can be observed to be small
with respect to this parameter.

The development of the skin friction coefficient, Cf, is
seen in Fig. 6, again plotted against the normalized dis-
tance along the test section for all three Reynolds numbers.
Increasing the Reynolds number can be seen to decrease
the skin friction coefficient on the flat plate. Overall, the
trends for all three Reynolds numbers are the same, leading
to a decrease of approximately 50% in the value of the skin
friction coefficient along the length of the ramp. This is
compared to the only 10% decrease in the value of the free-
stream velocity over the same distance.

The mean velocity profiles for all three Reynolds num-
bers are shown in Fig. 7 for the flat plate and the location



Fig. 6. Skin friction coefficient development for all three Reynolds
numbers, uncertainty as shown.

Fig. 7. Mean velocity profiles in inner layer coordinates for the flat plate
and halfway down the adverse pressure gradient ramp, solid symbols
represent the flat plate location and open symbols represent the adverse
pressure gradient location (d) Reh = 3300, (j) Reh = 14,100, (�)
Reh = 20,600.

Fig. 8. Inner layer scaling of the streamwise normal stress using the
DeGraaff and Eaton flat plate coordinates for the flat plate and halfway
down the adverse pressure gradient ramp. Solid symbols represent the flat
plate location and open symbols represent the adverse pressure gradient
location. (d) Reh = 3300, (j) Reh = 14,100, (�) Reh = 20,600. Uncer-
tainty levels shown for flat plate profiles are also indicative of uncertainty
for adverse pressure gradient profiles.

Fig. 9. Outer layer scaling of the streamwise normal stress using the
DeGraaff and Eaton flat plate coordinates for the flat plate and halfway
down the adverse pressure gradient ramp, symbols as in Fig. 8.

Fig. 10. Inner layer scaling of the wall normal stress using the traditional
flat plate coordinates for the flat plate and halfway down the adverse
pressure gradient ramp, symbols as in Fig. 8.
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halfway down the ramp in inner layer coordinates. The
profiles show that the mean velocity profile in the adverse
pressure gradient still follows the logarithmic law of the
wall, with a growing wake in the outer layer. As the Rey-
nolds number increases, the value of the wake parameter,
P, decreases as expected.

The turbulent normal stress profiles for the flat plate
boundary layer and a measurement location halfway down
the ramp are shown for all three Reynolds number cases in
Figs. 8–11. The streamwise normal stress shows that using
the DeGraaff and Eaton (2000) scaling, usUe the adverse
pressure gradient data collapse in the inner layer, but the
peak values do not collapse with those from the flat plate
profiles as shown in Fig. 8. In the outer layer the growth
of the stress plateau leads to the lack of collapse using these
coordinates as seen in Fig. 9. The wall normal stress is
shown in Figs. 10 and 11, scaled in the traditional scaling
of u2

s , which does not collapse the increase in the peak value
of the stress in either inner or outer layer coordinates.

For the streamwise normal stress, the DeGraaff and
Eaton (2000) flat plate scaling for the inner layer collapses



Fig. 11. Outer layer scaling of the wall normal stress using the traditional
flat plate coordinates for the flat plate and halfway down the adverse
pressure gradient ramp, symbols as in Fig. 8.

Fig. 13. Streamwise normal stress in outer layer scaling of Elsberry et. al.
for the flat plate and three quarters of the way down the adverse pressure
gradient ramp, symbols as in Fig. 12.
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the adverse pressure gradient profiles along the ramp on
each other, but not on the flat plate profile as shown in
Aubertine and Eaton (2005). In addition, a plateau devel-
ops in the outer layer of the streamwise normal stress pro-
file. The level of the plateau increases as the flow travels
along the adverse pressure gradient. This plateau also does
not collapse in the scaling of DeGraaff and Eaton (2000).
The previously proposed outer layer scaling of Elsberry
et al. (2000) was examined for the streamwise normal stress
and is shown in Fig. 12 for the flat plate and the location
halfway down the ramp. This scaling, in which the stress
is normalized by the product of the local freestream veloc-
ity and the maximum freestream velocity recorded in the
flow field, accounts for the non-equilibrium nature of the
outer layer turbulence. Energetic eddies formed upstream
continue to produce velocity fluctuations in the decelerat-
ing boundary layer. The collapse is far better than that
using the flat plate scaling. The Elsberry scaling however
does not collapse the inner peak for the adverse pressure
gradient data to that of the flat plate profile. In addition,
Fig. 12. Streamwise normal stress in outer layer scaling of Elsberry et al.
for the flat plate and halfway down the adverse pressure gradient ramp,
solid symbols represent the flat plate location and open symbols represent
the adverse pressure gradient location, (d) Reh = 3300, (j) Reh = 14,100,
(�) Reh = 20,600.
as the flow travels farther down the ramp, the collapse
becomes less acceptable as seen in Fig. 13 comparing the
flat plate and a location three quarters of the way down
the ramp.

The poor inner-layer collapse of the streamwise normal
stress shown in Fig. 8 led us to seek an improved scaling
that would be applicable to both zero and adverse pressure
gradient boundary layers. The success of the DeGraaff and
Eaton mixed scaling over a wide range of Reynolds number
in zero pressure gradient boundary layers is strong evi-
dence that inner layer streamwise fluctuations are con-
trolled by both inner and outer layer structures.
However, the relative strength of the inner and outer con-
tributions changes with Reynolds number and with the
pressure gradient. The wake parameter, P, in some ways
reflects the relative velocity jump across the inner and outer
regions of the boundary layer. Therefore, mixed scalings
that included the wake parameter were explored. Empiri-
cally, it was found that normalization of the streamwise
stress in the inner layer by u2

sð1� 0:5PrefÞ2 provides excel-
lent collapse of the adverse pressure gradient data with the
flat plate results. Pref is the wake function evaluated for
the flat plate reference location. This is shown in Fig. 14
for the inner region of the streamwise normal stress, again
for the flat plate and a location halfway down the ramp.
The data of DeGraaff and Eaton (2000) and Österlund
(1999) were also tested with this scaling and good agree-
ment for the inner peak was observed. For the outer
layer, a modification to this scaling was determined to col-
lapse the data. The local value of us was replaced with the
reference flat plate value, leading to the scaling
u2

s;refð1� 0:5PrefÞ2, a constant scaling. This is shown in
Fig. 15 for the flat plate and the location halfway down
the ramp. The collapse is similar to that observed in the
scaling of Elsberry et al. (2000), but appears slightly better
as the flow travels further down the ramp. The outer layer
streamwise normal stress scaling is based entirely on refer-
ence parameters and therefore is a constant scaling indicat-
ing that the fluctuations in the outer layer are governed



Fig. 16. Streamwise normal stress outer layer scaling including the data of
Samuel and Joubert (1974), and the Reh = 3300 data from this experiment,
symbols as follows (d) x 0 = �0.33, (h) x 0 = 0.25, (n) x 0 = 0.50, (s)
x 0 = 0.75, (j) Samuel and Joubert x = 1.04 m, (�) Samuel and Joubert
x = 1.79 m.

Fig. 14. Streamwise normal stress in new scaling inner layer coordinates
for the flat plate and halfway down the adverse pressure gradient ramp,
solid symbols represent the flat plate location and open symbols represent
the adverse pressure gradient location, (d) Reh = 3300, (j) Reh = 14,100,
(�) Reh = 20,600 uncertainty levels indicative of all profiles.

Fig. 15. Streamwise normal stress in new scaling outer layer coordinates
for the flat plate and halfway down the adverse pressure gradient ramp,
symbols as in Fig. 14.
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entirely by the upstream condition. It is only in the near-
wall region of the streamwise normal stress that the local
conditions of the flow are important to the scaling of the
turbulent profiles. To test the applicability of this scaling
to other flows, the data of Samuel and Joubert (1974) in
an increasingly adverse pressure gradient was used. This
is shown in Fig. 16 for the outer layer. The overall collapse
is not very good, but this is most likely due to the difficulty
in determining the wake parameter, Pref, for the flow since
the first location for which data is available is already sub-
jected to the adverse pressure gradient and therefore no
upstream reference location data is available with which
to determine the wake function.

The meaning behind the new scaling for the streamwise
normal stress was then examined. The constant 0.5 in the
scaling was determined empirically by fitting the data mea-
sured in this experiment as well as the flat plate data of
DeGraaff and Eaton (2000) and Österlund (1999). The
wake parameter at the reference location can be deter-
mined from the equation
Pref ¼
j
2

2ffiffiffiffiffiffiffiffiffiffi
Cf ;ref

p � B� 1

j
ln

d99us;ref

m

� � !
ð2Þ

Using only the first term in this definition to state that P
is proportional to the inverse of the square root of the skin
friction coefficient as described by Elsberry et al. (2000),
this can be substituted into the scaling for the inner region
for a flat plate boundary layer. This leads to the
relationship

u0u0

u2
s 1� CUeffiffi

2
p

us
þ C2U2

e
8u2

s

� � ð3Þ

which can be expanded to

u0u0

u2
s � CUeusffiffi

2
p þ C2U2

e
8

ð4Þ

This scaling is then composed of three components, an in-
ner layer scaling, an outer layer scaling and a mixed scaling
and can therefore be considered a more general form of the
scaling of DeGraaff and Eaton (2000).

The flat plate wall normal stress scalings shown in Figs.
10 and 11 do not collapse the present data so new scalings
were examined. For the wall normal stress, the dimensional
values of the peaks in the stress profiles at each Reynolds
number were observed to remain approximately constant
along the ramp and therefore a constant scaling was
expected. To collapse the data over the Reynolds number
range examined, the constant scaling chosen was u2

s;ref .
For the inner layer the scaling is shown in Fig. 17 and
the collapse over the range of Reynolds numbers for both
the flat plate and the location halfway down the ramp is
very good. In addition, the peak value now does not
increase with increasing distance down the ramp. The outer
region profiles are shown in Fig. 18 where the collapse is



Fig. 17. Wall normal stress in new scaling inner layer coordinates for the
flat plate and halfway down the adverse pressure gradient ramp, solid
symbols represent the flat plate location and open symbols represent the
adverse pressure gradient location, (d) Reh = 3300, (j) Reh = 14,100, (�)
Reh = 20,600 uncertainty levels indicative of all profiles.

Fig. 18. Wall normal stress in new scaling outer layer coordinates for the
flat plate and halfway down the adverse pressure gradient ramp, symbols
as in Fig. 17.

Fig. 19. Wall normal stress outer layer scaling including the data of
Samuel and Joubert (1974) and the Reh = 3300 data from this experiment,
symbols as follows (d) x 0 = �0.33, (h) x 0 = 0.25, (n) x 0 = 0.50, (s)
x 0 = 0.75, (j) Samuel and Joubert x = 1.04 m, (�) Samuel and Joubert
x = 1.79 m.
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observed to be much less acceptable. This is due to the
movement of the peak away from the wall as the flow trav-
els down the ramp. Since a simple scaling was the goal of
this work, other scalings which may have collapsed these
data better were not examined. In addition, no observable
Reynolds number trends existed in the data to aid in the
collapse. This scaling was then tested using the increasingly
adverse pressure gradient data of Samuel and Joubert
(1974) and the collapse is shown in Fig. 19. The collapse
is quite good in the outer layer. In addition, this scaling
agrees with the scaling for the wall normal stress of Song
and Eaton (2004) for the flow at the separation point when
plotted against the distance from the wall scaled on the
inflection point location. The overall interpretation of this
scaling is that in a mild adverse pressure gradient, the
upstream history of the flow is dominant over the entire
boundary layer in the wall normal direction and effect of
the adverse pressure gradient is not significant, even up
to the point of flow separation if the correct length scale
is used.
4. Conclusions

Experimental measurements have been presented for the
flow along a four degree expansion ramp in which the
Clauser parameter, b, is relatively small and varies slowly.
The mean velocity profile in inner coordinates follows the
standard logarithmic law of the wall, but the extent of the
log region shrinks as the wake occupies a larger fraction of
the boundary layer thickness. Although the pressure gradient
is mild and there is no inflection point in the mean velocity
profile, the boundary layer is not in equilibrium and its shape
continues to evolve. The mild adverse pressure gradient
causes only small effects on the structure of the turbulence.

Profiles of the two measured Reynolds normal stress
components are observed to not collapse using the tradi-
tional flat plate scalings in either inner or outer coordinates
over the Reynolds number range examined. The streamwise
normal stress develops an outer layer plateau that grows as
the flow travels down the ramp. The wall normal stress peak
increases rapidly as the flow travels along the ramp in the
traditional flat plate scaling. New scalings are proposed to
collapse the stresses. These scalings show that the wall nor-
mal stress in both the inner and outer layer is unaffected by
the changing pressure gradient and instead scales using a
constant scaling, u2

s;ref . The streamwise normal stress in
the outer layer is also unaffected by the changing pressure
gradient, scaling in a constant scaling while in the inner
layer the scaling does depend on the local conditions. The
streamwise normal stress scalings, u2

sð1� 0:5PrefÞ2 for the
inner layer and u2

s;refð1� 0:5PrefÞ2 for the outer layer can
be considered more general forms of the mixed scaling of
DeGraaff and Eaton (2000) for the flat plate.

5. Description of uncertainty calculations

The uncertainty in the mean velocity and the turbulent
stress measurements has been discussed previously, see
DeGraaff and Eaton (2001). Propagation of elemental



C.D. Aubertine, J.K. Eaton / Int. J. Heat and Fluid Flow 27 (2006) 566–575 575
uncertainties was used to define the overall uncertainties in
the non-dimensionalized plots, following the method of
Figliola and Beasley (1995).

The uncertainty in the skin friction coefficient was calcu-
lated as a function of the statistical uncertainty in the fringe
spacing at both the reference and measurement location,
the uncertainty in the value of the skin friction at the refer-
ence location and the uncertainty in the angle between the
camera and light source for the measurements along the
ramp. The uncertainty in the value of the reference location
skin friction was due to the fit of the flat plate data to the
law of the wall and this uncertainty was determined to be
2.5% of the reference value based on the definition

DðCf;locÞCf
¼ DSf;loc

DSf ;ref

DðCf ;refÞ ð5Þ

The uncertainty due to the measurement of the local
fringe spacing is given by

DðCf;locÞstat;loc ¼
1

DSf ;ref

Cf ;refDðDSf ;locÞ ð6Þ

while the uncertainty in the fringe spacing at the reference
location is given by

DðCf;locÞstat;ref ¼ �
1

ðDSf;refÞ2
Cf;refDSf ;locDðDSf ;refÞ ð7Þ

These uncertainties are determined from 95% confidence
intervals based on the five samples taken at each location
and lead to uncertainties of 3.3% and 4.8% of the reference
value respectively.

The uncertainty in the angle is calculated in a similar
manner and assuming an uncertainty of 2� in h, the uncer-
tainty is 2.2% of the reference value. Using these values for
the uncertainty, the overall uncertainty in the skin friction
coefficient can be calculated to be 3.4%. The uncertainty in
the friction velocity at any measurement location can then
be calculated knowing the freestream velocity.

A similar analysis was performed for the wall static pres-
sure measurements, resulting in the overall uncertainties in
the derived pressure gradient parameter b.
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